Abstract. Primordial statistical anisotropy is a key indicator to investigate early Universe models and has been probed by the cosmic microwave background (CMB) anisotropies. In this paper, we examine tensor-mode CMB fluctuations generated from anisotropic gravitational waves, parametrised by
the present paper, we show how the tensor-mode statistical anisotropy can be measured in current and forthcoming experiments such as Planck [28] or PRISM [29, 30] .
To analyse the CMB signatures, at first, we derive the power spectrum of the inflationary gravitational wave by following ref. [20] . Then, it is obvious that the noncommutativity produces the quadrupole anisotropy. We express its magnitude through the spherical harmonic coefficients, g LM , given by
where P
h (k) is the usual scale-invariant isotropic power spectrum. This parametrisation is similar to the scalar-mode case [31] . In the present noncommutative case, g LM vanishes except in L = 0 and 2 due to parity conservation. Interestingly, f 0 (k) = f 2 (k) ∝ k −2 is found, and hence we observe a highly red-tilted power spectrum of the CMB fluctuations. Applying the quadratic maximum likelihood (QML) estimator utilised in weak lensing analysis [32, 33] , we compute the expected uncertainty on g LM . Then, we perform joint analyses of the auto-and cross-spectra between temperature, E-mode and B-mode polarisations. As a consequence, we find that B-mode signals are more informative and can potentially measure g 00 = 30 and g 2M = 58, where M = 0, ±1, ±2, at 68% CL. These values correspond to the noncommutative parameter of about the size of the present horizon.
The plan of this paper is as follows. In the next section, we derive the power spectrum of the inflationary gravitational waves. In section 3, we compute the resulting CMB power spectra and evaluate the expected uncertainty on g LM by using the QML estimator. The final section is devoted to the conclusion.
Noncommutative gravitational waves
In this section, we estimate the power spectrum of inflationary gravitational waves under the presence of noncommutativity of fields. The model we discuss here has been firstly analysed by ref. [20] for the purpose of the GWB measurement. Here, we shall compute the superhorizon-scale power spectrum of primordial gravitational waves, which creates tensormode power spectra of the CMB fluctuations in the late-time Universe.
Noncommutative system
Let us consider gravitational waves,h ij , on the FLRW background, namely
, where a(τ ) is the scale factor as a function of conformal time τ and ∂ ihij =h ii = 0. We start from the standard quadratic action in the tensor-mode sector:
where˙≡ ∂ τ denotes a derivative with respect to conformal time and M pl = 1/ √ 8πG is the reduced Planck mass. To derive the second equality, we have introduced canonical normalisation h ij ≡ aM plhij / √ 2. Then, we impose the noncommutativity of fields as [20] 
where p ij = δL/δḣ ij = 1 2ḣ ij , with L being the Lagrangian density of the corresponding action, denotes the conjugate momentum and
3)
The so-called noncommutative parameter α expresses the size and the direction of the noncommutativity of conjugate momenta, and satisfies [20] α ijkl = α jikl = −α klij , (2.4)
where η ijk is the three dimensional antisymmetric tensor normalised as η 123 = 1. Notice that usual commutative relations are restored by α = 0. For simplicity, let us assume α = const.
Quantization
The present case imposes the noncommutativity between conjugate momenta (2.2). This noncommutative effect may be interpreted as an additional term breaking the Lorentz invariance in an effective action [20] :
and the usual commutation relations are restored, reading
2 α ijkl h kl being the new conjugate momentum. This process is the so-called noncommutative field approach and, owing to eq. (2.8), we can perform the normal quantization process as described below.
Quantized gravitational waves can be expressed as
whereˆdenotes a unit vector and the creation β † and annihilation β operators obey β(k, λ) |0 = 0 and
ij (k) = 0 (transverse and traceless condition),
ij (−k) [34] . Using these relations, one can understand that the above commutation relations (2.2) and (2.8) equate to the conditions on the mode function v
These will be used to determine the normalisation of the mode functions.
Tensor power spectrum
The variation of the action (2.7) with respect to h 
where we have used an useful relation: 34] . Note that this form is valid in terms of any direction of α and coincides with the result in ref. [20] under the condition where α is parallel to the z axis.
Let us work in standard slow-roll inflation, namelÿ 
where H
ν (x) is the Hankel function of the first kind and l ≡ k 2 + 16(α ·k) 2 . One can see from this form that the presence of the noncommutativity changes the phase and the dispersion relation of the mode function. The power spectrum of the original gravitational wavesh ij is straightforwardly given by
2 ), the superhorizon power spectrum which acts as a source of the CMB power spectra becomes 17) where H is the Hubble parameter. In the final approximation, we have assumed the smallness of the anisotropy, or α k. The observational limit on the anisotropy of the scalar fluctuations suggests that this is a reasonable assumption also for the tensor mode [27] .
Interestingly, this form involves the quadrupole anisotropy depending on k −5 . It is a consequence of the quadratic dependence of l on α·k. Accordingly, the resulting CMB power spectra break the statistical isotropy and off-diagonal signals, namely ℓ 1 = ℓ 2 , will arise. Note that parity invariance is kept since spin-λ dependence cancels out.
Signatures in the CMB anisotropies
In this section, we shall discuss signatures of the anisotropic gravitational waves in the CMB temperature and polarisation power spectra, and we investigate the expected uncertainty on the magnitude of anisotropy from observations using the quadratic maximum-likelihood (QML) estimator [32, 33] .
For convenience of analysis, let us express the anisotropic power spectrum of gravitational waves by the spherical harmonic expansion (1.1), where
is the isotropic part of the tensor power spectrum parametrised by the tensor-to-scalar ratio r and the amplitude of scalar fluctuations (A S = 2.23 × 10 −9 [35] ). In the present noncommutative scenario, the anisotropic coefficient becomes
where
Gpc being the present horizon scale. In subsection 3.2, we estimate the expected error bar on g LM instead of α. Then, note that g 00 is sensitive to the size of noncommutativity α = |α| alone, while the direction of noncommutativityα is only determined by the g 2M measurement.
This form is appropriate under the smallness of the anisotropy, namely k α. This Fourier-space condition is roughly interpreted as a restriction of CMB scales as ℓ α/k 0 , owing to the usual correspondence: ℓ ∼ kτ 0 . In the following analysis, we will deal with large-scale signals, namely ℓ = O(1), because the power spectrum of gravitational waves is highly red-tilted. This enforces a condition: α/k 0 O(1); hence we are only interested in the noncommutativity comparable to or larger than the horizon length. This condition is also compatible with a bound evaluated from a constraint on today's graviton mass, namely α 0.1 Mpc −1 [20] .
CMB power spectrum
The tensor-mode CMB anisotropy is expressed as [34, 36] 
where X = T (temperature), E (E-mode polarisation) and B (B-mode polarisation), λ = ±2 denotes the spin of the tensor mode and x represents the parity of the field, namely x = 0 for X = T, E and x = 1 for X = B. T X ℓ (k) is the radiation transfer function and expresses the enhancements of the temperature mode for ℓ 100 due to the integrated Sachs-Wolfe effect and two peaks at ℓ ∼ 10 and 100 in the polarisation modes due to Thomson scattering. Taking the ensemble average of the square of a X ℓm and dealing with the addition of angular momentum as shown in ref. [34] , the CMB power spectrum is formulated as
where the anisotropic power spectrum is
with
The anisotropic power spectrum satisfies C
The selection rules in δ even x 1 +x 2 +ℓ 1 +ℓ 2 and I −220 ℓ 1 ℓ 2 L allow nonzero T T , T E, EE and BB in ℓ 2 = ℓ 1 and ℓ 1 ±2, and T B and EB in ℓ 2 = ℓ 1 ±1. We can also notice that T B and EB vanish when L = 0 because rotational invariance, namely δ ℓ 1 ,ℓ 2 δ m 1 ,m 2 , is kept. These are common signatures of the primordial quadrupole anisotropy in the CMB power spectra [37, 38] . Figure 1 depicts auto-and cross-correlated power spectra of the temperature and polarisations generated from the quadrupole anisotropy: C
Here, the direction of α is fixed to be parallel to the z axis and hence Y LM (α) = 2L+1 4π δ M,0 holds. In this figure, it is obvious that compared with the usual scale-invariant case, the CMB power spectra have highly red-tilted shapes due to the additional k −2 dependence of the quadrupole anisotropy. One may also notice that the two parity-odd correlations (T B and EB) decay more rapidly than the other four parity-even ones. Due to this scale dependence, the expected error on g LM converges at very low ℓ as shown in the next subsection.
Error estimation
As in the present noncommutative case, when the statistical anisotropy in the CMB power spectrum is regarded as a tiny modulation of the scale-invariant isotropic component, it can be well-estimated by using the QML estimator [32, 33] . Then, the Fisher matrix for g LM can be written as 8) where i and j runs over given sets of auto-and cross-correlated power spectra, C i is the ith CMB power spectrum and Cov ij is the covariance matrix element given by the ith Figure 1 . CMB quadrupole power spectrum: C X1X2 ℓ1,1,ℓ2,1 (L = 2) for ℓ 2 = ℓ 1 + 2 (T T , T E, EE and BB) and ℓ 2 = ℓ 1 + 1 (T B and EB). Here, we set r = 10 −2 and α/k 0 = 1, and fix α to be along z axis. Then, g 2M ≈ −25δ M,0 holds. and jth power spectra. For simplicity, let us ignore off-diagonal elements in the observed power spectra, i.e., a obs
Furthermore, on the basis of the fact that C
(L). After these two approximations the Fisher matrix is reduced to
denotes the symmetrization under the permutation of ℓ 1 and ℓ 2 .
From now, we consider error estimations from three auto-correlations (T T , EE and BB), a combination of the temperature and E-mode anisotropies (T T + T E + EE) and a parity-odd combination (T B + EB). The covariance matrix involves the observed power spectrumC ℓ that is the sum of the signal and the instrumental noise. In this paper, let us consider the noise information of the Planck and the proposed PRISM experiments [28, 29, 39] . As the temperature and E-mode signals, we adopt the CMB power spectra consistent with the Planck data [35] . On the other hand, the observed B-mode spectrum is still unknown and here we simply assume that the B-mode signal is consistent with the scale-invariant isotropic power spectrum C BB ℓℓ (γ = 0). Recall that this magnitude is proportional to the tensor-to-scalar ratio r. Moreover, for simplicity, we adopt a null hypothesis for the observed TB and EB correlations, i.e.,C T B ℓ =C EB ℓ = 0. Figure 2 describes the numerical results of 1σ errors on g LM given by
δg LM does not depend on M because in the analysis we ignore the off-diagonal elements in the covariance matrix. In figure 2 , we assume a cosmic-variance-limited experiment. One can observe from this figure that δg LM converges before ℓ max ∼ 100 owing to the highly red-tilted CMB spectra as shown in figure 1 . It is obvious that when r = 10 −2 , δg LM exceeds 10 3 in the analysis with the temperature or E-mode polarisation, while the analysis with the B-mode polarisation reduces δg LM by one or two orders of magnitude. This is a consequence that the cosmic variances in the temperature and E-mode polarisation are much larger than the B-mode cosmic variance with r = 10 −2 . In the measurements of the temperature and E-mode polarisation, because the theoretical power spectrum C
(γ) is proportional to r and there is no r dependence in the covariance matrix, a simple scaling relation δg T T LM ∝ δg EE LM ∝ δg
T T +T E+EE LM
∝ r −1 holds. Meanwhile, if involving the B-mode information, the covariance matrix also depends on r. Especially, in a cosmic-variance-limited experiment, the covariance matrix is determined by r alone, and hence we obtain δg BB LM ∝ r 0 and δg
T B+EB LM
∝ r −1/2 (see also table 1). The results in figure 2 and these magnitude relations lead to the conclusion that, for r < 10 −2 , namely r allowed by current observations, the most stringent constraint on g LM comes from BB. We can also notice a rough relation δg 2M ∼ 2δg 00 in all cases. The range of α that we are interested in, namely α/k 0 O(1), corresponds to g LM satisfying |g LM | O(10 − 100). As shown above, the analyses with the temperature and E-mode polarisation cannot detect such g LM for r < 10 −2 (even at 68% CL), and therefore we do not mention them anymore in the following discussions. Table 1 . δg 2M (and δg 00 ) estimated from BB and T B + EB assuming r = 10 −2 and 10 −4 . Here, we take into account the effect of 70% sky coverage (f sky = 0.7) in the Planck and PRISM cases by following δg LM ∝ f −1/2 sky . Note that we only describe δg 2M in the T B + EB analysis because of the absence of L = 0 signals. If δg LM O(10 − 100), we also plot α/k 0 corresponding to δg 00 in square brackets. In the ideal experiment, δg LM from T B + EB is exactly proportional to r −1/2 , while for BB it is independent of r. and 10 −4 for comparison. This table shows that the Planck measurement cannot detect g LM less than O(10 − 100) except in the BB analysis with r = 10 −2 . In contrast, the BB analysis by the PRISM experiment will measure it at 68 % CL even if r is very small (e.g., r = 10 −4 ). In case that r is large, T B + EB may also become a good observable. In this table, we also translate δg 00 less than O(10 − 100) into the size of the noncommutative parameter α by using eq. (3.1). These values correspond to α ≃ k 0 , namely the noncommutative parameter of about the size of the present horizon.
Conclusion
Noncommutativity is a key indicator of non-standard high energy physics and it may imprint interesting effects on the primordial fluctuations. This paper has focused on signatures of primordial gravitational waves affected by the noncommutativity of fields in the observed CMB fluctuations.
In addition to the usual isotropic (nearly) scale-invariant power spectrum of gravitational waves, the noncommutativity gives two contributions with k −5 dependence: an isotropic and a quadrupolar ones. Hence, the resulting CMB power spectra are highly redtilted and have non-vanishing off-diagonal components, i.e., ℓ 2 = ℓ 1 ± 2 in T T , T E, EE and BB, and ℓ 2 = ℓ 1 ± 1 in T B and EB.
By applying the QML estimator, we have estimated the expected uncertainty on the statistical anisotropy. We have used the usual spherical harmonic parametrisation with coefficients g LM and computed the 1σ error bars δg LM through the analyses of auto-correlations, i.e., T T , EE and BB, and combined analyses with auto-and cross-correlations, i.e., T T + T E + EE and T B + EB. Then, we have found that δg LM converges before ℓ ∼ 100 because of the highly red-tilted spectrum shapes. We have confirmed that, since the B-mode cosmic variance is much smaller than the temperature and E-mode ones on such large scales, BB is most informative to measure g LM . Potentially, we can measure g 00 = 30 and g 2M = 58, where M = 0, ±1, ±2, at 68% CL in a cosmic-variance-limited experiment. It is hard to measure g LM with Planck due to the lack of sensitivity to polarisations, while a PRISM like experiment may attain such accuracy level. This means that, in the future, it will be possible to probe the size of noncommutativity, given by the parameter α, comparable to the present horizon scale, namely α −1 ∼ 14 Gpc.
As shown in the present paper, the tensor-mode statistical anisotropy is a meaningful observable together with the scalar one. Obtaining bounds on g LM from observational data remains one of interesting future issues.
